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1. Introduction

The algorithm which solves a mixed integer quad-
ratic problem quickly is required recently in the filed
of model predictive control for hybrid systems [1]. In
this context, Takamatsu, Hara, and Murota [8] pro-
posed a concept of continuous/discrete hybrid convex-
ity. That work proposed a class of continuous/discrete
hybrid L�-convex functions based on discrete convex
analysis [4,5] and showed its minimality criterion. This
paper, as additional considerations on hybrid convex-
ity, proposes continuous/discrete hybrid M�-convex
functions and shows an optimality criterion for an
integral polyhedral hybrid M�-convex function min-
imization. It is also a purpose of this paper to point
out that hybrid M�-convexity, compared with hybrid
L�-convexity, needs more delicate theoretical treat-
ment.

2. Preliminary

We define an M�-convex function over integer lat-
tice points, a polyhedral M�-convex function, and a
closed proper M�-convex function as follows [4,5,7]. A
function f : Zn →R∪{+∞} is said to be M�-convex
if it satisfies the following (M�-EXC[Z]):
(M�-EXC[Z]) For x,y∈domZf and u∈supp+(x−y),
there exist v ∈ supp−(x−y)∪{0} such that

f(x)+f(y)≥ f(x−χu +χv)+f(y+χu−χv).
Here, we put V ={1,...,n}, let χu ∈{0,1}n denote the
characteristic vector of u∈V and χ0 =(0,0,...,0), and
define domZf = {x∈Zn | f(x)<+∞},supp+(x−y)=
{u∈ V | x(u) > y(u)}, supp−(x−y)= {u∈ V | x(u) <
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y(u)}. A polyhedral function f :Rn→R∪{+∞} with
domRf ={x∈Rn |f(x)<+∞} �=∅ is said to be poly-
hedral M�-convex if it satisfies (M�-EXC[R]):
(M�-EXC[R]) For x,y ∈ domRf and u∈ supp+(x−
y), there exists v ∈ supp−(x− y)∪{0} and positive
number α0 ∈R such that

f(x)+f(y)≥ f(x−α(χu−χv))+f(y+α(χu−χv))
for all α∈ [0,α0].

Let f : Zn →R∪{+∞} be a function defined on
the integer lattice, where it is a tacit agreement that
the effective domain domZf is nonempty. The convex
closure of f is defined to be a function f̄ : Rn →R∪
{+∞,−∞} given by
f̄(x)= sup

p∈Rn,α∈R
{〈p,x〉+α | 〈p,y〉+α≤f(y)(∀y∈Zn)}

(x∈Rn).
An integral polyhedral convex function f : Rn →

R∪{+∞} means a polyhedral convex function with
integrality, i.e., f is a polyhedral convex function such
that argminf [−p] is an integral polyhedron for every
p∈Rn. A polyhedral M�-convex function that can
be obtained as the convex extension of an M�-convex
function on integer points is said to be integral poly-
hedral M�-convex.
[Proposition 1] (Supplement 4.42 in [4], Note 6.54

in [5]) The integral polyhedral M�-convexity of f im-
plies that we can take α0 = 1 in (M�-EXC[R]).

A function f :Rn→R∪{+∞} is said to be convex
if its epigraph {(x,α)∈Rn×R |α≥ f(x)} is a convex
set. A convex function with f > −∞ is said to be
proper if domRf �= ∅, and closed if its epigraph is a
closed set. A function f :Rn→R∪{+∞} is said to be
closed proper M�-convex if it is closed proper convex,
in addition to satisfying (M�-EXC[R]).

3. Hybrid M�-convex function

Based on the above definitions, we define a hybrid
M�-convex function.
[Definition 1] (hybrid M�-convex function) A func-

tion f : Zn ×Rm →R∪{+∞} is said to be hybrid
M�-convex if it satisfies the following:

There exist a closed proper M�-convex func-
tion f̂ :Rn×Rm →R∪{+∞}，a nonsin-
gular matrix A∈Rm×m, and a vector b∈
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Rm such that f̂(x,y)=f(x,Ay+b) (∀x∈
Zn,∀y∈Rm).

[Discussion 1] In the case of m = 0, a hybrid M�-
convex function does not necessarily satisfy (M�-EXC
[Z]) but (M�-EXC[R]). On the other hand, a discrete
M�-convex function satisfies the condition in Defini-
tion 1 with m = 0. This means that the class of hy-
brid M�-convex functions with m=0 is wider than the
class of discrete M�-convex functions. It is noted that
the class of hybrid L�-convex functions with m=0 co-
incides with the class of discrete L�-convex functions.

For positive integer α and a discrete function f :
Zn →R∪{+∞}, we define a function fα : Zn →R∪
{+∞} by

fα(x)= f(αx) (x∈Zn).
fα is called a domain scaling of f by α. M�-convexity
is not preserved under domain scaling, i.e., for an M�-
convex function f , fα is not necessarily M�-convex
[4,5]．This implies the following proposition which is
a concrete example of Discussion 1.
[Proposition 2] A domain scaling of a discrete M�-

convex function is a hybrid M�-convex function with
m = 0.
(Proof.) Let f1 be a discrete M�-convex function.
We define

f(x)= f1(αx) (x∈Zn).
We also let f̂1 be the convex closure of f1 and

f̂(x)= f̂1(αx) (x∈Rn).
Both f̂1 and f̂ are continuous M�-convex functions.
And we have

f̂(x)= f̂1(αx)= f1(αx)= f(x) (x∈Zn),
where the second equality is from Theorem 6.43 (2)
in [5] (or Supplement 4.32 in [4]). �

It is noted that the condition in Proposition 2 is
not a necessary and sufficient condition, i.e., not ev-
ery hybrid M�-convex function is given by a domain
scaling.

We consider integral polyhedral convexity for a
hybrid M�-convex function.
[Definition 2] (integral polyhedral hybrid M�-con-

vex function) A function f :Zn×Rm →R∪{+∞} is
said to be integral polyhedral hybrid M�-convex if f̂
is integral polyhedral M�-convex in Definition 1.

For an integral polyhedral hybrid M�-convex func-
tion f with m=0, we can take α0 =1 in (M�-EXC[R])
from Proposition 1, i.e., we see (M�-EXC[Z]). This
means that an integral polyhedral hybrid M�-convex
function f with m = 0 is discrete M�-convex.

In the case where a function f(x,y) is quadratic, in
particular, we have the following sufficient condition
for a hybrid M�-convex function.
[Proposition 3] (hybrid quadratic M�-convex func-

tion) A quadratic function

f(x,y)=
[

x
y

]T[
Md Mh

MT
h Mc

][
x
y

]
+pTx+qTy+r

(1)

is hybrid quadratic M�-convex if there exists a non-

singular matrix A∈Rm×m such that the matrix

M =
[

Md MhA
ATMT

h ATMcA

]
= (mij | i,j = 1,···,n+m)

satisfies the following condition:

wTmi ≥min{0,minj∈supp−(w)w
Tmj}

(∀w∈Rn×Rm,∀i∈ supp+(w)), (2)

where mi denotes the i-th column vector of M .
(Proof.) From Theorem 3.10 in [6], if M satisfies
eq. (2),

f̂(x,y)=
[

x
y

]T

M

[
x
y

]
(x∈Rn,y∈Rm) (3)

is M�-convex. By rewriting eq. (3) we see
f̂(x,y)

=
[

x
Ay+b

]T[
Md Mh

MT
h Mc

][
x

Ay+b

]
+ p̃Tx+ q̃Ty+ r̃

= f(x,Ay+b),
which shows that f is hybrid M�-convex. �

[Discussion 2] The condition of eq. (2) in Propo-
sition 3 is not a necessary and sufficient condition.
For hybrid M�-convex function f , it is obvious that
there exists a closed proper M�-convex function f̂(x,y)
but it does not necessarily hold that f̂(x,y)=f(x,Ay+
b) (x ∈Rn,y ∈ Rn). Here, if a closed proper M�-
convex function f̂ can be written as

f̂(x,y)= (the right-hand side of eq. (1) where
Ay+b is substituted for y)

(x∈Rn,y ∈Rm),
(4)

the coefficient matrix of f̂ satisfies eq. (2) from The-
orem 3.10 in [6].
[Discussion 3] Corresponding to Proposition 3,

a necessary and sufficient condition for a hybrid quad-
ratic L�-convex function is given in Proposition 1 in
[8]. From Discussion 2, we see that the proof for
the necessity uses implicitly the fact that a restriction
of a continuous L�-convex function to integer lattice
points is discrete L�-convex, which is true of L�-convex
functions. Since M�-convex functions do not have this
property, we do not obtain the necessity in Proposi-
tion 3.
[Discussion 4] Referring to Discussion 1, we dis-

cuss the case of a quadratic function here. Consider
eq. (1) with m = 0, i.e., f(x)= xTMdx+pTx+r. The
coefficient matrix Md of f satisfies eq. (2) which is
nothing but a characterization of M�-convexity for a
continuous quadratic function. On the other hand,

l(x) =
1
2
xTQx (x∈Zn) is discrete M�-convex if and

only if the coefficient matrix Q satisfies

qij ≥ 0 (∀i,j ∈{1,...,n}) (5)
qij ≥min{qik,qjk} (∀i,j,k∈{1,...,n},k /∈ {i,j})(6)
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[3,6]. It is known that the class of matrices satisfying
eq. (2) is wider than the class of matrices satisfying
eq. (5) and eq. (6) [6]. When we choose a matrix which
satisfies the former and not the latter as the coefficient
matrix Md and put f̂(x)= f(x), then f is hybrid M�-
convex and not discrete M�-convex.

4. Minimization problem and opti-
mality criterion

[Problem 1] (hybrid convex optimization problem)
Minimize f(x,y) subject to x∈Zn,y∈Rm.

Although Problem 1 is a minimization problem
over both of x and y, this problem, by minimizing
over each of them successively, can be rewritten as
the following equivalent expression.
[Problem 2] Minimize h(x) subject to x∈Zn,

where

h(x)= inf
y∈Rm

f(x,y). (7)

The following proposition describes a property of
the function h(x).
[Proposition 4] For an integral polyhedral hybrid

M�-convex function f(x,y), the function h(x) is dis-
crete M�-convex.
(Proof.) For f , there exists an integral polyhedral
M�-convex function f̂ such that

f̂(x,y)= f(x,Ay+b) (x∈Zn).
The projection of an integral polyhedral M�-convex
function f̂ , defined by

ĥ(x)= infy∈Rm f̂(x,y) (x∈Rn),
is integral polyhedral M�-convex. Here, for x∈ Zn,
we have

h(x) = inf
y∈Rm

f(x,y)= inf
y∈Rm

f(x,Ay+b)

= inf
y∈Rm

f̂(x,y)= ĥ(x) (x∈Rn),

which means that h can be extended to an integral
polyhedral M�-convex function. Hence, h is discrete
M�-convex. �

We consider, as in Discussion 2, a quadratic
function f of eq. (1) with f̂ described by eq. (4). Un-
der the assumption that Mc is a nonsingular matrix,
h is described by

h(x)= xT(Md−MhM−1
c MT

h )x+(p−MhM−1
c q)Tx

+r− 1
4
qTM−1

c q.

We now show an optimality criterion for integral
polyhedral hybrid M�-convex function minimization.
[Lemma 1] Suppose that f(x,y) is hybrid convex.

If h(x) defined by eq. (7) is M�-convex, then, the fol-
lowing equivalence holds for (x∗,y∗)∈Zn×Rm:

f(x∗,y∗)≤ f(x,y) (∀(x,y)∈Zn×Rm)

⇐⇒
⎧⎨
⎩

0∈ ∂yf(x∗,y∗)
h(x∗)≤ h(x∗−χu +χv) (∀u,v∈V )
h(x∗)≤ h(x∗±χv) (∀v ∈V ),

(8)

where ∂yf(x,y) is the subdifferential of function f(x,y)
at (x,y) with respect to y, i.e., ∂yf(x,y) = {p∈Rm |
f(x,y′)−f(x,y)≥ 〈p,y′−y〉 (∀y′ ∈Rm)}, see (2.58)
in [2]，(2.24) in [4]，and (3.23) in [5].
(Proof.) It is trivial to show [⇒]. We prove [⇐].
From the first equation in eq. (8) and Theorems 3.22
and 3.23 in [2], we have f(x∗,y∗)≤ f(x∗,y) for any
y∈Rm, and hence h(x∗)= f(x∗,y∗). Combining M�-
convexity of h(x), the second equation in eq. (8), and
Theorem 6.26 (2) in [5] (or Theorem 4.16 (2) in [4]),
we obtain h(x∗)≤ h(x) for any x∈Zn. Putting all
together, we have

f(x∗,y∗)= h(x∗)≤ h(x)≤ f(x,y)

for all x∈Zn and y ∈Rm. �

[Theorem 1] (optimality criterion) Let f(x,y) be in-
tegral polyhedral hybrid M�-convex and h(x) be de-
fined by eq. (7). Then, for (x∗,y∗)∈Zn×Rm we have
the following equivalence:
f(x∗,y∗)≤ f(x,y) (∀(x,y)∈Zn×Rm) ⇐⇒ eq. (8)．
(Proof.) Because f(x,y) is integral polyhedral hy-
brid M�-convex, from Proposition 4, h(x) is M�-
convex. Now, we can use Lemma 1 to show the
equivalence. �
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